NONAUTONOMOUS KOLMOGOROV PARABOLIC EQUATIONS 
WITH UNBOUNDED COEFFICIENTS 



MARKUS KUNZE, LUCA LORENZI, AND ALESSANDRA LUNARDI 

Abstract. We study a class of elliptic operators A with unbounded coeffi- 
cients defined in 7 X R'' for some unbounded interval / CM. We prove that, 
for any s £ I, the Cauchy problem u{s, ■) = / £ Cf,(R'^) for the parabolic 
equation Dtu = Au admits a unique bounded classical solution u. This allows 
to associate an evolution family {G(t, s)} with A, in a natural way. We study 
the main properties of this evolution family and prove gradient estimates for 
the function G{t,s)f. Under suitable assumptions, we show that there exists 
an evolution system of measures for {G{t, s)} and we study the first properties 
of the extension of G{t, s) to the L^'-spaces with respect to such measures. 



1. Introduction and summary 

Parabolic partial differential equations with unbounded coefficients occur natu- 
rally in the study of stochastic processes. Let us consider the stochastic differential 
equation 




dXt = Xt)dt + cr(t, Xt)dWt, t > s, 



Here, Wt is a standard c?-dimensional Brownian motion and fi (resp. a) are regular 
M'^ (resp. R'*^'*) valued coefficients. If ([LT]) has a solution Xt = X{t,s,x) for all 
X E W^, it follows from Ito's formula that, for tp G C^(M'^) and i e M, the function 

u{s,x) ■.^E{ip{X{t,s,x))) 

solves the partial differential equation 
(1.2) 

Us{s,x) = —■^Ti{{(t{s, x)a* {s, x))D-^u{s, x)) — {ii{s, x),\/ xu{s, x)) , s<t, 
u{t,x) — ip{x). 

This shows how probability theory may be used to obtain information about the 
solutions of second order evolution PDE's. In the case of Lipschitz continuous 
coefficients, there are many results stating conditions on /i and a such that p.ip is 
well posed. See, e.g., [H [TSl E] . 

It is also possible to take p.2p as a starting point and work in a purely analytic 
manner. This has been done in several papers in the autonomous case (see e.g., the 
book [S] and its bibliography) . To the best of our knowledge, in the literature there 
is not any systematic treatment of the nonautonomous case except in the particular 
case when the elliptic operator in ()1.2|) is the non autonomous Ornstein-Uhlenbeck 
operator (see [6l fTOl [TT] ) . 
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In this paper we set the basis for the general theory of non autonomous operators. 
More precisely, we consider the equation 

f ut{t,x) = A{t)u{t,x), {t,x) e {s,+oo) xR'^, 

^^'^^ \ u{s,x) = f{x), X e R'^. 

The operators A{t) appearing in (|1.2p are defined on smooth functions tp by 

d d 

{Ait)ip)ix) = qij{t,x)D^j(p{x) + y^^bi{t,x)Diip{x) 

= Tr{Q{t,x)D\{x)) + {b{t,x),Wip{x)). 

The time index t varies over an interval / which is either R or a right halflinc. 

Note that the equation in (ll.3|l is forward in time in contrast to equation p.2p . 
However, reverting time, solutions of ()1.3p are transformed into solutions of ()1.2p 
and viceversa. Our standing hypotheses on the data b = (bi) and Q — {qij) are the 
following: 

Hypothesis 1.1. (i) The coefficients and bi belong to C-^^'^{I x M'') for 
any i, j — 1, . . . , d and some a G (0, 1); 

(ii) Q is uniformly elliptic, i.e., for every {t,x) E I x M^, the matrix Q{t,x) is 
symmetric and there exists a function 77 : / x M'^ ^ R such that < r/o ■= 
inf/xK'i V and 

{Q{t,x)tO>v{t,m\^ CgK^ {t,x)eIxR''; 

(iii) for every bounded interval J C I there exist a function Lp ^ Lpj E C^(R'^) 
and a positive number A = Aj such that 

lim (f{x) = +oo and {A{t)(p){x) ~ \ip{x) < 0, {t,x)eJxR'^. 

\x\^ + co 

Conditions (i) and (ii) are standard regularity and ellipticity assumptions in 
parabolic PDE's. It is well known that assuming only (i) and (ii), problem (|1.3p 
may admit several bounded solutions also in the autonomous case. Condition (iii) 
is mainly used to ensure uniqueness of the bounded classical solution u of (jl.3p (i.e., 
uniqueness of a function u € C'^^^{{s,+oo) x R'^) n Ch([s,T] x M'*) for any T > s, 
that satisfies p.3p ). 

In Section[2]we will be concerned with wellposedness of p.3p in the space Cb(R'^)- 
In the autonomous case the solutions to (|1.3p are governed by a semigroup {T{t)} 
which is the transition semigroup of the Markov process obtained in (jl.ip . In the 
non autonomous setting the semigroup is replaced by an evolution family {G{t, s)}. 
We will establish several properties of this family in Section 3. Note that, while 
regularity of (G(i, s)(p){x) with respect to {t,x) is a classical item in the theory of 
PDE's, regularity with respect to s is less standard. It is treated in the literature 
in the case of bounded coefficients because of its importance in several applications 
such as control theory. In our case, to get continuity with respect to s we have to 
sharpen Hvpothesis 1 1 . 1 f iii) . assuming that A{t)ip is upperly bounded in J x R'* for 
any bounded interval J <Z I . 

In Section [4] we will study smoothing properties of G{t, s), proving several esti- 
mates on the spatial derivatives of G{t, s)(f for ip S Cb{R'^). We will consider the 
following additional hypothesis: 

Hypothesis 1.2. (i) The data qij and bi {i, j — 1, . . . , d) and their first-order 
spatial derivatives belong to C^l^°'{I x R'^); 
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(ii) there exists a continuous function k : I M. such that 

(iii) there exists a continuous function p : / — > [0, +00) such that, for every 
hjj k £ {1, . . . , d}, we have 

\Dkq^J{t,x)\<p{t)r]{t,x), eeR^ {t,x)eIxR''. 

Under this hypothesis we wiU prove uniform spatial gradient estimates for the 
function G{t, s)f when / G C^{R'^), k = 0,1, by means of the classical Bernstein 
method (see [5]). We will also prove more refined pointwise gradient estimates 
under either one of the following more restrictive conditions: 

Hypothesis 1.3. (i) there exist a function r : I x R'^ ^ R and a constant 
Pq £ (l,+oo) such that 

{V,bit,x)^,0 <r{t,xm\ ^eR", {t,x)eIxRd, 

and 

sup r{t, x) + \^y^ ' < +00; 

(t,2;)G/xRA 4mm{po-l,l}/ 
(ii) Hypothesis ll.2f ii) holds true with the function k being replaced by a real 
constant fco- Moreover, there exists a positive constant po such that, for 
every i,j,k = 1, . . . ,d, we have 

\Dkq.,jit,x)\ <PQ{v{t,x))^, {t,x)eIxR'^. 

Then, we get pointwise estimates, 

(1.4) \{yG{t,s)f){x)f <e'^-^'~'HG{t,s)\Vf\P){x), t>s,xeR'', 

for every p > po and some real constant ap. In the autonomous case (see [3]) 
these estimates are interesting not only for themselves, but also for the study of the 
behavior of the semigroup {T{t)} in L^-spaces with respect to invariant measures. 
An invariant measure corresponds to a stationary distribution of the Markov process 
with transition semigroup {T(t)}. In the analytical setting, an invariant measure 
for a Markov semigroup {T{t)} is a Borel probability measure such that 

iT{t)f){y) p{dy) = I fiy) p{dy), t>0, fe CtiR'). 

The interest in invariant measures is due to the following: 

(i) the invariant measure arises naturally in the asymptotic behaviour of the 
semigroup. If p is the (necessarily unique) invariant measure of {T{t)}, 
then 

{T{t)f){x)^ f f{y)p{dy) ast^+cx), 

for any / e Cb{R'^) and any x S R'^; 

(ii) the realizations of elliptic and parabolic operators in L^-spaces with respect 
to invariant measures are dissipative. 

In our nonautonomous case we cannot hope to find a single invariant measure. 
Instead, we look for systems of invariant measures (see e.g. [5117]) that is families 
of Borel probability measures {pt ■ t E 1} such that 

{G{t,s)f){y)pt{dy)^ ( f{y)ps{dy), t > s e I, f e CUR"). 

In Section [5l we will prove the existence of a system of invariant measures for our 
problem (|1.3p replacing Hypothesis ILlf iii) with the following stronger condition: 
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Hypothesis 1.4. there exist a nonnegative function tp S C^(R'*), diverging to +cxd 
as I a; I — > +00, and constants a, c > and Iq G I such that 



In contrast to the autonomous case, systems of invariant measures are, in gen- 
eral, not unique. However, using a pointwise gradient estimate we will prove that 
uniqueness holds in the class of invariant measures {/if : t e /} that admit finite 
moments of some order p > 0, which may blow up as t ^ +00 with a certain 
exponential rate. By definition, {fj,t : t € 1} admits finite moments of order p if, for 
any t <E I, 



Still using a uniform gradient estimate, we show that, also in the non autonomous 
case, the asymptotic behaviour is determined by "the" system of invariant measures, 
in the sense that, for any x e W^, s G /, and / e Cb(M''), 



and the convergence is uniform in each compact set in M.'^. 

Concerning point (ii), we note that, since we have to deal with a family of prob- 
ability measures ^t, we will also have a family of Lebesgue spaces L^dit) that are 
not mutually equivalent in general. This prevents us from extending the opera- 
tors G{t, s) to a single L^'-space, because G{t, s) does not map LP{^s) into itself in 
general, but it maps U'{ijLs) into U'{^t)- However, it is possible to define an evolu- 
tion semigroup associated with G{t, s) on a single L^-space of functions defined in 
IxW^. This was already done in [6l[l0l[TT] in the special case of Ornstein-Uhlenbeck 
operators. 

The evolution semigroup associated with an evolution family {G{t, s)} is known 
to be a useful tool to determine several qualitative properties of the evolution family. 
See e.g. the book [3] and the references therein. In the case of time depending 
Ornstein-Uhlenbeck operators, the use of the evolution semigroup was essential to 
establish optimal regularity results for evolution equations and also to get precise 
asymptotic behavior estimates for G{t, s), see [inillT]. However, the general theory 
of evolution semigroups is well established only for evolution families acting on a 
fixed Banach space X, which is not our case. Therefore, the study of the asymptotic 
behavior of G(t, s)ip for ip g LP{^s) through the evolution semigroup is deferred to a 
future paper. Here, we just describe the first properties of the evolution semigroup, 
in Section [HI 

In the last section we consider a simple example and see how our conditions may 
be verified in this setting. 

Notations. We denote, respectively, by i?;,(R'') and Cf,(R'^) the set of all bounded 
and Borel measurable functions / : R'' — > R and its subset of all continuous func- 
tions. We endow both spaces with the sup-norm || • ||oo- 

For any k G R+ (possibly k = +00) we denote by C^{R'^) the set of all functions 
/ : R'' ^ R that are continuously differentiable in R'', up to [fc]-th-order, with 
bounded derivatives and such that the [fc]-th-order derivatives are {k — [fc])-H61der 



continuous in R'^. We norm G^{R^) by setting ||/||c^.(r.) = E|a|<[fc] P"/lloo + 
E|a|=ifci[^"/]c''"Wm^)- ^ci^"") (k € NU {+00}) denotes the subset of G^iR'^) 



of all compactly supported functions. Go{R'^) denotes the set of all continuous 
functions vanishing at infinity. 



{A{t)ip){x) < a — c(p{x), 



t>to, 



X e R". 
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If / is smooth enough we set Djf — 

d 

|V/(x)p=^|A/(2;)P, \D'f{x)\' 

i=l 

and 

IIV/IIL = sup |V/(x)^ IID^/IIL = sup \D'f{x)\\ 

Suppose that / depends on both time and spatial variables. If there is damage 
of confusion, we denote by Wxf and D^f the gradient and the Hessian matrix of 
the function /(t, •). When / is a vector valued function, Wxf denotes the Jacobian 
matrix of f{t, •). 

Let D C M'^+^ be a domain or the closure of a domain. By (^^^+"/2^2fe+a^^^ 
{k = 0,1, a G (0,1)) we denote the set of all functions f : D ^ R such that 
the time derivatives up to the fc-th-order and the spatial derivatives up to the 
2/c-th-order are Holder continuous with exponent a, with respect to the parabolic 
distance, in any compact set Dq C D. 

For any r > we denote by Br C M.'^ the open ball centered at with radius r. 

Given a measurable set E, we denote by l^; the characteristic function of E, i.e., 
1e{x) = 1 ii X & E, ]l_E(a;) = otherwise. 

Finally, we use the notation Uf for the (unique) bounded classical solution to 
problem (|1.3p . 

2. Solutions in Cb{R'^) 

In this section we want to solve our parabolic problem (|1.3p with data s € I and 
/ G C{,(K'^). By a solution of (|1.3p we mean a bounded classical solution, i.e. a 
function u S Cb{[s, +oo) x M"*) n C^'^Hs, +oo) x R"*) such that dO]) is satisfied. In 
the whole section we assume that Hypotheses 11.11 is fulfilled. 

We already mentioned that Hvpothesis 1 1 . 1 f iii) ensures uniqueness of the solution 
to (|1.3p . In fact, it implies a maximum principle that we state as our first 

Theorem 2.1. Let s e I and T > s. If u e Cb{[s,T] x M'') n C^''^iis,T] x R'^) 
satisfies 

( ut{t,x) ~ A{t)u{t,x) < 0, {t,x) e {s,T] xR'', 
\ uis,x) < 0, xe R"^, 

then u < 0. 

Proof. The proof can be obtained as the proof of pT, Theorem 4.1.5]. □ 

Now, let us prove that problem ()1.3|) admits a unique bounded classical solution 
for any / € CbiM'')- 

Theorem 2.2. For every s G / and every f G Cb{R'^), there exists a unique solution 
u of problem p.3p . Furthermore, 

(2.1) |k(i,-)l|oo < ll/lloo, t>s. 

Proof. Uniqueness follows from applying Theorem 12.11 to m — t; and to w — u, if u 
and V are two solutions. Estimate (|2.ip follows by applying the same theorem to 

±W-||/l|oo. 

The existence part can be obtained in a classical way, solving Cauchy-Dirichlet 
problems in the balls Bn and then letting n +oo. See e.g., [8i Proposition 2.2], 
pn Theorem 4.2], [31 Theorems 2.2.1, 11.2.1]. Since there are some technicalities, 
for the reader's convenience we go into details. We split the proof in three steps. 



d 

= ^ \D,,f{x)\' 



6 



MARKUS KUNZE, LUCA LORENZI, AND ALESSANDRA LUNARDI 



Step 1. Here, we assume that / belongs to C^+"(M''). Denote by no the smallest 
integer such that supp(/) is contained in the ball Bn^. Further, for any n > no, we 
consider the Cauchy-Dirichlet problem 

{Ut{t,x) — A{t)u{t,x), te(s,+oo), X G Bn, 
u{t,x) ^ 0, <e(s,+oo), x€dB„, 

u{s,x) = f{x), X e Bn, 

in the ball _B„. By classical results (see e.g., [S] or [TS]) and Hvpotheses ll.ir i)-fii). for 
any n > hq, the problem p.2|) admits a unique solution u„ G ^ '^"'^"([s, +oo) x 
Bn)- Moreover, the classical Schauder estimates imply that, for any ni G N, with 
m > no, there exists a constant C = C(rn) independent of n, such that 

(2-3) ||u„||^i + a,2+„^^^^^ < C||/||c2+„(Rd), 

for any n > m, where Dm = (s,m) x B^- By the Arzela-Ascoli theorem, there 
exists a subsequence (u™) of u„ which converges in C^'^(Z?m) to some function 
M™ G C^^^''^'^°'{Dm)- Of course, u™ satisfies the differential equation Dtu™ = 
A{-)u™- in Dm and it equals / on {s} x B„i. Without loss of generality, we can 
assume that mJ^"*"^ is a subsequence of u™. Note that, in this case, u"^~^-^\d^ = u™. 
Hence, we can define a function u by putting w|d„, ■— w™. A standard procedure 
shows that u belongs to Cjq^"^^'^^"([s, +oo) x W^) and it is the classical solution 
to problem (|1.3p . 

Note that the sequence u„ itself converges to u as n tends to +oo, locally uni- 
formly in [s, +oo) X R''. Indeed, the above arguments show that any convergent 
subsequence of (u„) should converge to a classical solution of p.3p . 

Step 2. Assume now that / G Co{M.'^). Then, there exists a sequence (/„) C 
C^+"(M'^) converging to / uniformly in M.'^ as n tends to +oo. Estimate (|2.ip yields 

~ '"/,^IICi.([s, + oo)xR'') < ll/n - /m||cb(K'')7 m, n G N. 

Therefore, there exists a bounded and continuous function u such that u/^ converges 
to u, uniformly in [s, +oo) x R'^. Moreover, applying the interior Schauder estimates 
to the sequence («/„), we deduce that u/,, converges in C^^^{{s, +oo) x R'^) to u. 
Hence, u is the bounded classical solution of problem (|1.3p . 

Step 3. Now, fix / G CbiR"^) and consider a bounded sequence (/„) G 6*2+° (R'') 
converging to / locally uniformly in R"^ as n tends to -\-oo. The same arguments 
as in Step 2 show that, up to a subsequence, m/„ converges, in Cl^{{s, +00) xR'^), 
to some function u G CjJ^^"^^'^~''"((s, +00) x R'^), as n tends to +00. In particular, 
u solves the differential equation in p.3p . To prove that u is, actually, a classical 
solution of the problem (|1.3p . we fix a compact set X C M'' and a smooth and 
compactly supported function such that < < 1 and (p = 1 in K . Further, 
we split Uf^ = "v/n ~^ '^0--v)fn^ f'^'' n gR. Since the function ipf is compactly 
supported in R'', it follows from Step 2 that Ui^/„ converges to u^pf uniformly in 
[s,+oo) X E'^. 

Let us now consider the sequence ('"(i-<^)/„)- Fix m G N. We claim that 
(2.4) \{u(^^_^)fJ{t,x)\<{l~u^{t,x))M, (t,a;) G (s,+oo) X R"*, 

where M — sup„gpj ||/ri||oo- Indeed, as a straightforward computation shows, 

(1 - u^)M = U(i_^)M- 
Therefore, the function w := — M(l — u^) satisfies Wt — Aw and, moreover, 

W{S, •) = (!- <p)frn - Mil - ^) = (1 - p){f,n - M) < 0. 
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The maximum principle of Theorem l2.1l immediatelv implies that w is nonpositive in 
[s, +00) X M"* or, equivalently, !i (1 ~ u^)M . To prove the other inequality 

in (|2.4p . it suffices to observe that = {u-{i~ip)fm) ^'^d repeat the above 

arguments with fm replaced by —fm- 

Now, since u/„ converges pointwise to u, for any (t, x) G (s, +{») x we have 

|u(i,a;) - = lim |uf (t, x) - (t, x) e (s, +00) x M'*, 

n — i-H-oo 

and, for each n G N, we have 

\uuit,x) - f{x)\ < \u^fjt,x)- f{x)\ + \u^i_^)f^^{t,x)\ 

(2.5) < \u^fjt,x)^ fix)\ + {l-u^{t,x))M. 

The right-hand side of (|2.5p converges to uniformly in i^T as t tends to s+. Hence, 
u can be continuously extended up to t = s setting u{s, •) = /. This completes the 
proof. □ 

Remark 2.3. Let us observe that the choice of approximating problem (|1.3p by 
Cauchy-Dirichlet problems in the ball Bn is not essential. Indeed, repeating step by 
step the proof of Theorem l2.21 we can see that problem ()1.3p can be approximated 
also by the Cauchy- Neumann problems 

{Ut{t,x) ~ A{t')u[t^x\ {t,x) G (s,+oo) X Bn, 
-^u(t,x) = 0, {t,x) G (s,+cx)) X dB„, 

u{s, x) = f{x), X G Bn- 

We will use this approach in Section 0] to prove estimates for the space derivatives 
ofG(t,s)/. 

Now we define the evolution family associated with our problem ()1.3p . Let 
A := {{t,s) e I X I : t>s}. 
We put G{t, t) :— «dci,(R<i) and for i > s we define the operator G{t, s) by setting 

{G{t,s)f){x):^uf{t,x), xeR", 
where m/ is the unique solution of problem (jl.3p . We call the family {G{t,s) : 



{t, s) G A} the evolution family associated with the problem ()1.3I) 

It is immediate from Theorem 12.11 that, for {t, s) G A, the operator G{t, s) is a 
positive contraction on Cb(R'^). From the uniqueness assertion in Theorem l2.21 the 
law of evolution 

(2.7) G{t,s)G{s,r)=G{t,r), 

ior r < s < t easily follows. 

The connection with Markov processes suggests that every operator G{t, s) should 
be associated with a transition kernel. Recall that a transition kernel p is a map- 
ping from R'^ X 6(M'') such that p{x,-) is a sub probability measure for fixed x 
and such that p{-,A) is measurable for fixed A G B{M.'^). The following proposi- 
tion states that this is indeed the case; in fact, the transition kernels pt.s form the 
non autonomous equivalent of a conservative, stochastically continuous transition 
function, cf. ^7, Sections 2.1 and 2.8]. 

Proposition 2.4. For every {t, s) G A and every x G R*^ there exists a unique 
probability measure pt^s{x, ■) such that 



(2.8) {G{t,s)f){x) = / f{y)pUx,dy), 

for each Ct,(R'^). Furthermore, the following properties hold: 



8 



MARKUS KUNZE, LUCA LORENZI, AND ALESSANDRA LUNARDI 



(i) for every t £ I , pt^t{x, •) is the Dirac measure concentrated at x; 

(ii) for t > s the measure pt^s{x,-) is equivalent to the Lehesgue measure, i.e. 
they have the same sets of zero measure; 

(iii) for fixed A e B}j{W^) and {t, s) G A the map x i-^ pt^s{x,A) is Borel mea- 
surable; 

(iv) for every open set U C K'^ containing x we have 

lim pt.s{x, U) ^ 1; 

(v) for every t > s > r , x ^ R*^ and A E B(R'^) we have 

Pt,r{x,A) = j ^ps,r{y,A)pt.s{x,dy). 

Proof. Let us define 

Pt.s{x,A) = / g{t,s,x,y)dy, 

J A 

for any (Lebesgue) measurable set A C M'' and any t > s, where g is the Green func- 
tion of problem (|1.3p which can be obtained as the pointwise limit of the increasing 
(with respect to n) sequence of Green functions gn associated with problem (j2.2p . 
For the existence of these latter kernels, see e.g., [9] Theorem 3.16]. The function 
g is measurable in its entries and it is positive since the gn's are. 
Notice that, since G(t, s)! = 1 by uniqueness, we have 

Pt,six,R'')= I t{y)pUx,dy)^[G{t,s)t){x)^l, 

i.e. pt^six, •) is a probability measure. Now formula ()2.8|) and properties (i) and (ii) 
immediately follow. 

To prove (iii), let A e S(M''). Then, there exists a bounded sequence (/„) C 
Cb(R'') converging almost everywhere to il^- Hence, by the dominated convergence 
theorem. 



Pt,six,A) = / lA{y)pt.six,dy) 

= lim / fn{y)pt.s{x,dy) 
= lim (G(t,,s)/„)(x), 

n — >-\-oc 

for any (s, t) G A and any x £ M'', and this implies that the function {t, s, x) t-^ 
Pt,six,A) is measurable. 

Property (iv) follows from the continuity of the map G{-,s)f on {s} x M'', by 
virtue of [3 Lemma 2.2]. 

Finally, (v) is an immediate consequence of (|2.7p . □ 

Corollary 2.5. The evolution family {G{t, s)} is irreducible, i.e., (G{t, s)Tiu){x) > 
for any open set U C , any {s,t) G A and any x G M''. More generally, 
{G{t, s)1a){x) > for each Borel set A C with positive Lebesgue measure, and 
for any (s, t) G A and any x G R''. 

Proof. The statement follows from the inequality g{t,s,x,y) > ((s,t) G A, a; G 
R'') which holds since the Green function g is the pointwise limit of the increasing 
sequence of Green functions gn associated with problem (j2.2p . □ 

Remark 2.6. The representation (j2.8p implies that we can extend our evolution fam- 
ily G{t, s) to the space i3b(R'') of bounded, measurable functions. More generally. 
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in the sequel we set 

{G{t,s)f){x):= [ fiy)ptAx,dy), xGR", 

also for unbounded functions / : M.'' ^ M, provided that / e L^{K.'^,pt.s{x, •)). 

Formula (|2.8p also implies that the adjoints G*{t,s) leave the space of signed 
measures invariant. 

3. Continuity properties of the evolution family {G{t,s)} 

In this section we prove some useful continuity properties of the function G(t, s)f 
when / e Cb{W^). To begin with, let us prove the following proposition. 

Proposition 3.1. Let (fn) C Ch(R'') be a sequence such that ||/ri||oo < M for each 
neE. Then: 

(i) if fn converges pointwise to f , then G{-, s)fn converges to G{-, s)f uniformly 
in [s + e,T] x K for each T > s + e > s and each compact set K C M''; 

(ii) if fn converges uniformly to f in each compact set K C , then G{-, s)fn 
converges to G(-,s)/ uniformly in [s.T] x K, for each T > s and each 
compact set K cM.'^. 

Proof, (i). By the representation formula ()2.8p and the dominated convergence 
theorem, we obtain that G{-, s)fn converges to G'(-, s)f pointwise in [s. +oo) x R'', 
as n tends to +oo. However, the classical interior Schauder estimates yield 

||G(-, s)/„||ciw2,2+„([,+,,T]xK) < C^IIMloo < CM, n e N, 

for any £ > 0, any compact set C M'* and some positive constant G ~ G(£, K). 
The Arzela-Ascoli theorem implies that G(-, s)/„ converges to G(-, s)f in G^'^([s + 
e,r] X K). 

(ii). The proof follows adapting the arguments used in the proof of Theorem 
O Let X be a compact set and let ip e G^+"(R'^) be such that ee 1 in if. Split 
M/„ = U(^/„ + By Step 2 in the proof of Theorem 12.21 ""v/™ converges to 

u^pf uniformly in [s, +oo) x . 

To complete the proof, it suffices to show that converges to 

uniformly in [s,T] x X as n tends to +cx) for any T > s. The arguments in 
Step 2 of the proof of Theorem 12.21 show that, up to a subsequence, U(i-^y^ 
converges in G^''^{[s + e,T] x S^), for any e > and any r > 0, to a function 
V € Gj"J^'|^"^^'^'''"((s, +oo) X W^). Moreover, letting m go to +oo in (|2.4p gives 

(3.1) \v{t,x)\<{l-Up(t,x))M, {t,x) e{s,+oo)xM.'^. 

Since u^p is continuous at {s} x and ip = 1 in K , from ()3.ip we deduce that 
v{t,x) converges to as < ^ s^, uniformly with respect to x & K. 

Let us now fix e > and let 5 be sufficiently small such that + \v\ < 

e/2 in [s, s + 5] x K for any n E N. Moreover, we fix n large enough such that 
[■^^(i-ip)/^ ^ ^1 in [s + S,T] X K. For such n and 5 we get 

\\u{l-^)f„ - v\\c{ls,T]xK) < \\u(i^^)fJ\c{ls,s+S]xK) + \\v\\c{ls,s+S]xK) 

+ ll"(l-i^)/„ - v\\c[s+S,T]xK) 

< e. 

Summing up, the sequence Uf^ — u^f^ + converges as n tends to +oo, 

to the function u — u^pf + v which belongs to Gj^q^"^^'^^"((s, +oo) x W^), and the 
convergence is uniform in [s,T] x K. Since K is arbitrary, Uf^ converges locally 
uniformly to u in [s, +oo) x M.'^, so that u is continuous up to t s where it equals 
/. Moreover, since u converges to u in C^-^{[s + e,T] x Br) for any e £ (0, T — s) 
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and any i? > 0, then Dtu — Au = for t > s. Thus, u is a bounded classical 
solution of p.3p and, by Theorem 12. 11 u — Uf. This completes the proof. □ 

3.1. Continuity of the function G{t,s)f with respect to the variable s. 

Since evolution families depend on two parameters t and s, it is natural to investi- 
gate also the smoothness of the function G{t, •)/. In the following lemma we prove 
a very useful generalization of the well known formula that holds in the case of 
bounded coefficients. This lemma will play a fundamental role to prove existence 
of evolution systems of invariant measures in Section [5l 

Lemma 3.2. Let f G C^(R'') be constant outside a compact set K . Then, for any 
X e , and any sq < si < t, the function r i-^ {G{t,r)A{r)f){x) is integrable in 
(so,si) and we have 

(3.2) (G(i, s,)f){x) - (G(<, so)/)(x) = - r {G(t, r)A{r)f){x) dr. 

J So 

In particular, the function {G(t, ■)f)(x) is continuously differ entiahle in It :— I C] 
(— oo,i] and 

(3.3) ^{G{t,s)f){x)^-{G{t,s)A{s)f){x), self 
ds 

Finally for any g € Co(K'') the function G{t, ■)g is continuous in It with values in 
Gb{R''). 

Proof. By assumption, we can write / = g + c • U, for some g € G'^{W^) and some 
c e M. However, G(i, s)ll= 1, whence the assertion is trivially satisfied by any 
constant function. Thus, it remains to prove it when / e C'^iW^). Choose no such 
that supp(/) C i?noi ^iid denote by {G„(t, s)} the evolution family associated with 
problem (|2.2p for n > uq (cf. [H Theorem 6.3]). By 1, Theorem 2.3(ix)], we can 
write (|3.3p with G being replaced by G„ . Integrating such an equality with respect 
to s and recalling that, by Step 1 in the proof of Theorem 12. 2[ for any (t, r) G A, 
Gn{t,r)f converges to G{t,r)f pointwisc in M.'^ as n tends to +oo, we obtain 

{G{t,s,)f){x)-{Git,so)f){x) = hm (G„(t, si)/)(a;) - (G„(t, ,so)/)(:r) 



= - lim / {Gnit,r)Air)f){x)dr 

n—*-\-oc f 

J So 

(3.4) = - f\G{t,r)A{r)f){x)dr, 

J So 

where the last equality follows by dominated convergence. 

Now, observe that (|3.4p implies that the function G(t, •)/ is continuous in It, 
with values in Gf,(R''), for any / e C^iR"^). Since C^iR'^) is dense in Go(M''), 
G{t,-)g is continuous in /( for any / e Go(M''). 

To prove that the function G(t,-)f is differentiable, it is enough to show that 
the function G(t, ■)A{-)f is continuous in If. Indeed, for any r, tq € It, 

\\G{t,r)A{r)f -G{t,ro)A{ro)f\\oo 
= \\Git, r){A{r)f - ^(ro)/)|U + ||(G(t, r) - G{t, ro))^(ro)/|U 
< \\A{r)f - ^(ro)/||oo + II {G{t, r) - G{t, r^))A{ro)f\\^, 

and the last side of the previous chain of inequalities goes to as r — > ro, since 
A(rQ)f e Gc(R'*). Now, (fO]) implies that the fmiction G{t, •)/ is differentiable in 
/(, and ()3.3p follows. This completes the proof. □ 



To prove that {t,s,x) ^ {G{t, s)f){x) is continuous in A x M'' for any function 
/ e Gb(R''), we need an intermediate assumption between Hvpothesis ll.lf ui) and 
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Hypothesis 11.41 More precisely, in the rest of this section we assume that the 
following hypothesis is satisfied. 

Hypothesis 3.3. For every bounded interval J C / there exist a function = 
if J £ C'^iW^) diverging to +oo as |a;| tends to +oo, and a positive constant Mj 
such that 

{A{t)ip){x) < Mj, teJ, xeR'^. 

Hvpothesis 13.31 allows to define G{t,s) on a larger class than i3f,(M'^). Namely, 
we show that the right hand side of (12. 8p makes sense for / = where (p is any of 
the functions in Hvpothesis 13.31 

Let us begin with the following fundamental lemma. If J C / is any interval, we 

set 

Aj := {{t,s) e J X J : s <t}. 

Lemma 3.4. Assume that Hvpotheses \l.H i](ii] and \3.3\ are satisfied. Fix abounded 
interval J <Z I and let ip — ipj be as in Hypothesis \3.3[ Then, the function 
(<:, s,a;) I— > {G{t, s)ip){x) is well defined and bounded in Aj x Bg, for every g> 0. 

Proof. We may assume (possibly adding a constant) that (p{x) > for each x G IR''. 
For every n G N choose a function ■0n G C°°([0, +oo)) such that 

(i) iPnit) = t iOT t G [0,n], 

(ii) ipnit) = const, for t > n + 1, 

(iii) < < 1 and V" < 0. 

Then, the function ipn ■= i'n ° P> belongs to C^(R'') and it is constant outside a 
compact set. By Lemma 13.21 we have 

^)n{x) > (pn{x) - {G{t,s)(pn){x) 

= / {■^{r)Vn){y)pt.rix,dy)dr 

J s Jw^ 

= -/ / {i^:,{p){A{r)ip){y)+ij';{p){Q{r,y)W^{y),W^{y))}pt.r{x,dy)dr 

Js JW^ 

(3.5) >-f f iyjip){A{r)cp)iy)pt,rix,dy)dr, 

for any s,t E A and any x G W^. We claim that for each s, t G J, letting n — > +00 
in (|3.5p we obtain 

Vix)>- f f {A{r)ip){y)pt^rix,dy)dr^-f{Git,r)A{r)ip)ix)dr, 

Js JW Js 

so that, in particular, the above integral is finite. 

It is clear that lim„^+oo fn{x) — p{x) for each x £ R''. Concerning the integral 
in the right-hand side of (|3.5p . we split it into the sum 

/ / '4'n{v){^{r)'p){y)Pt.r{x,dy)dr 

Js JR'' 

= - f f <M {Mj - {A{r)cp){y)} pt^x, dy) dr 
Js Jr-^ 

(3.6) +Mj f f ^'„{<f)ptAx,dy)dr. 

Js JR'' 

Since 'ip'^{ip){y) is increasing in n and converges to 1 for each y, both integrals in 
the right-hand side of (j3.6p converge by the monotone convergence theorem. The 
claim follows. 
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Letting n +00 in p.Sp yields 

(3.7) {G{t, s)ip){x) < ifiix) + JjGit, r)A{r)ip){x) dr, 
and since {A{r)Lp){y) < Mj for each 1/ e M'' and r e J, 

(3.8) ^ G{t,r){A{r)^){y)dr < Mj{t~s). 

Estimates p.7p and (|3.8p imply that 

{G{t,s)^){x) < ip{x)+Mj{t~s), 
for any s,t Q J, with s < i and any x £ M''. It follows that 

(3.9) Mj^g:= sup {G{t,s)(p){x) < +00. 

(t,s,x)eJx.7xE'' 

s<t, |:c|<e 

This completes the proof. □ 

Having {G{t, s)tp){x) bounded for {t, s) £ Aj, we may prove in the standard way 
that for each r > the family of measures {pt,s{x,dy) : {t,s,x) € Aj x Br} is 
tight. We recall that a family of (probability) measures {^a ■ ct £ T} is tight, if 
for any e > there exists g > such that //^(M'' \ B{g)) < e for any a £ T . 

Lemma 3.5. Under the assumptions of Lemma \3.4[ for each bounded interval 
J G I and for each r > the family of measures {pt^six, dy) : (t, s, x) £ Aj x B^} 
is tight. 

Proof. Fix e > and consider the function ip = ipj in Hypothesis 13.31 As in 
the proof of Lemma 13.41 we assume that is nonnegative. Since tp blows up as 
— + +00, there exists g > such that 

where Mj^r is given by (|3.9p . Then, for (<, s) £ Aj, we have 



Pt.six,R \B{g)) = / lTs,d\B(^g){y)pt,six,dy) 

JR'' 

- Tr~ / 'Piy)Pt.six,dy) 
^ {G{t,s)p,){x)<e, 



M 



J,r 



SO that 



(3.10) sup _pt,s{x,^'^\B{g)) <e, 

(t,s,x)£Ajy.B,, 

and the statement follows. □ 



As usual, tightness yields some convergence result. 

Proposition 3.6. Assume that Hvvotheses \l.li i)-iii) and \3.3\ are satisfied. Fur- 
ther, let {fn} be 1 bounded sequence in Cb(R.'^), such that ||/„||oo < M for each 
n G N and fn converges to f £ Cb{M.^) locally uniformly in R'^. Then, the function 
G{-, ■)fn converges to G{-, •)/ locally uniformly in A x W^. 
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Proof. Fix any bounded interval J C / and any e, r > 0. Let g be such that (|3.10p 
holds, and for {t, s, x) G Aj x Bp split G{t, s)fn — G{t, s)f as 



iGit,s)fn)ix)~iGit,s)f){x) = I {Uy)- f{y))ptA^,dy) 

{fn{y) - f{y))pt,s{x,dy) 

B(e) 

ifniy) - .f{y))pt.s{x,dy), 
so that 

\{Git,s)fn)ix)-{G{t,s)f){x)\ < sup \Uy)-f{y)\ I PtA^.dy) 

yeB{g) JW 



sup II /„|loo + ll/lloc / pt^s{x,dy) 
nGN / jRd\B{e) 

< sup \fn{y)-fiy)\ 

+2Me. 



Fix no e N such that 



sup \fn{y) - f{y)\ < n>no. 

yeB{g) 



For n > Uq we get 



sup _\{G{t,s)fn){x)~iGit,s)f)ix)\ 

{t,s,x)£AjxBr 

= e(l + 2Af). 

Thus, G{-,-)fn converges to G{-,-)f uniformly in Aj x Br- □ 
Now we are ready to prove that {t,s,x) {G{t, s)f){x) is continuous, for each 

Theorem 3.7. Under the assumptions of Provosition 1 3. 61 the function (t, s, i— s- 
{G{t, s)f ){x) is continuous in A x R'^, for any f G Gb{R'^)- 

Proof Fix / e Gbi'R''-) and let {/„} € G^IR'^) be a sequence of smooth functions 
converging to / locally uniformly in and such that 

sup ||/„||oo < +00. 

TieN 

By Proposition 13.61 the sequence of functions {t,s,x) i—> {G{t, s)fn){x) converges 
to {t,s,x) I— > {G{t,s)f){x) locally uniformly. Therefore, it suffices to show that 
{t,s,x) I— > {G{t, s)g){x) is continuous in A x R'' whenever g e C^{R''). For this 
purpose, we observe that the classical interior Schauder estimates as in ^ Theorem 
3.5] imply a slightly more general estimate than ()2.3p . i.e., 

(3.11) sup ||G„(-, s)g||cl + c«/2,2 + a([s^5 + „]xB(m)) < C\\g\\^,2 + a.^^a^, 

[a.b] 

for any a,b € I , a < b, and some positive constant C, independent of n > m. 

Since the sequence of functions {t,x) <—> {Gn{t, s)g){x) converges to {t,x) i— > 
{G{t,s)g){x) in G'^+°'^'^''^+"{[s, s + m] x B{m)) for any s G [a, 6], it follows that 
\t,x) ^ {G{t,s)g){x) e G^+'^^^-^+"{[s,s + m] x B{m)) for any s e [a, 6] and its 
C^+"/^'^+"-norm is bounded by G\\g\\(j2+a^^ay with the constant G of formula 

(EH). 
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Fix {to, So, xq), {t, s,x) E Ax R**, with sq, s G [a, b]. Suppose that so < s. Then, 
[t. So) S A, and 

\{G{t,s)g){x)-{G{to,so)g){xo)\ < \{G{t, s)g){x) ~ {G{t, so)9)ix)\ 

(3.12) +\iGit, so)g)ix) - (G(to, so)ff)(xo)|. 
By p.2p there exists a positive constant G = C{a,b) such that 

(3.13) |(G(t, s)g){x) ~ {G{t, so)g){x)\ < G\s ~ so\. 
Combining ([Xn]) and (fXT^ yields 

hm (G(t,s)g)(a:) = (G(io,so)g)(xo). 

s>sa 

Let now assume that s < sq and spht 

|(G(i,s)5)(x)-(G(to,5o)5)(a:o)| < \{G{t,s)g){x) ~ {G{to,s)g){xo)\ 

(3.14) +|(G(to, s).9) (xo) - {Gito,so)g) ixo)\. 

Since {t,x) i— > {G{-, s)g){x) is continuous in [s,+oo) x M'', locaUy uniformly with 
respect to s, from (|3.13p and (|3.14p we also deduce that 

lim {G{t,s)g){x) = (G(io, so)g)(xo). 

(t,s,a;)^(tO,SQ,a:Q) 

This completes the proof. □ 

4. Gradient estimates 

In this section we prove both uniform and pointwise gradient estimates. Besides 
being interesting in their own right, we will need them in the next section to prove 
uniqueness of systems of invariant measures in a suitable class and convergence 
results. 

Throughout the section we assume that H vpotheses ll.il and II. 21 hold. Therefore, 
the bounded classical solution of problem p.2p is such that its first-order spatial 

derivatives belong to gI^^ ^ '^^"((s, +00) xR"*) (see e.g., [H Theorem 3.10] and [TO]). 
We will use this fact in the sequel to apply a variant of the Bernstein method to 
get our gradient estimates. 

First, we prove uniform gradient estimates. 

Theorem 4.1. Let s G / and T > s. Then, there exist positive constants Gi, G2, 
depending on s and T , such that: 

(i) for every f G G^(R'') we have 

||VG(t,s)/||^<Gi||/||ci(R.), s<t<T; 

(ii) for every f G Gh(R'^) we have 

||VG(t,s)/||oo < ^P=||/||oo, s<t<T. 

y/t — S 

Proof. It suffices to prove the statement for / G G^+"(R''), since we may approxi- 
mate an arbitrary / by a sequence (/„) C G^"''"(R^), bounded with respect to the 
sup- norm and converging to / locally uniformly in R'^, and Step 3 of Theorem 12.21 
shows that VG(-,s)/„ converge to VG(-,s)/ pointwise in {s,T] x R'^. 
Let k, phe the functions in Hypothesis 11.21 Set 

ko :— sup k{t), po := sup p{t). 

te[s,T] te[s,T] 

(i). Let Un be the unique solution of the Cauchy-Neumann problem (j2.6p . where 
n is so large that the support of / is contained in i3„. By Remark 12.31 m„ converges 
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to u{t,x) :— {G{t, s)f){x) in C^'^([s,T] x K) as n ^ +00, for any compact set 
K c M''. 
Define 

Z„(t, x) = Un{t, x)"^ + a\VxUn{t, x)\'^ , {t, x) G [s, T] X Bn- 

Then, z„ belongs to C^'^((s, +00) x Bn) n Cf,([s, T] x Bn), for any s <T. Since Bn 
is convex, the matrix Dv = {DjVi) is positive definite. Moreover, differentiating 
the equality = 0, one easily verifies that 

d d 

VjDijuDiU — — DiVjDiuDjU < 0, 
«,i=i *>i=i 

which, in its turn, implies that the normal derivative of z„ on dBn is nonpositive. 

We claim that we may choose a > in such a way that Dtz„ — A{t)zn < for 
s < t < T. Then, the classical maximum principle yields |z„| < ll/ll^i^Rd); i-e., 

u„(t,x)2 +a|Vu„(t,a;)p < ||/||ci(R<i) a^) G {s,T) x B„. 

Letting n +00, statement (i) follows with Ci = a^5. 

From now on we omit the subscript n as well as the dependence on t and x to 
simplify notation. To prove the claim, observe that 

d 

Zt-A{-)z = 2a{V^bV^u,V^u) -2{Qy^u,V^u) -2aJ2{Q'^xDkU,y^Dku) 

fe=i 

d 

(4.1) +2aY^DkU-Ti{DkQ- Dlu) . 

k=l 

Using Hvpothesis 1 1 . 2( 111') . we estimate the last term as follows, 

d d 

< poV^\Dku\ ■ \D,ju\ < povd^y^u\\Dlu\. 

k=l k=l = l 

The other terms are easily estimated using Hvpotheses 1 1 . 1 ( ii) and ll.2f ii). Eventu- 
ally, we get 

zt-A{-)z < 2{ako-r])\Vr,u\'^ -2ar]\Dlu\'^ + 2apoTjdi \V^j:u\\DIu\ 

< 2{ako - r;)|V,up - 2aTj \DIu\^ + gtj {pld^\W,u\^ + \DIu\^) 

< (2afco - 2?7 + a77Pod^)|Vj;Up. 

The right hand side is negative, if we choose a < d^^pQ^ such that 2afco 5: Vo- 

(ii). We proceed similarly to (i), defining 

Zn(t, x) = Un{t, x)^ + a(t - s)|Vi,u„p, (t, x) G [s, T\ X Bn- 

As above, in what follows we omit the subscript n as well as the dependence on t 
and X. 

If we proceed as in part (i), we see that z satisfies an equality similar to (|4.ip 
with a replaced by a{t — s) and a further addendum ajVa^up. Hence, 

zt - A{-)z < {2a{T - s)k+ - 2tj + a{T - s)Tj(fpl + a)|V^itp, 

where — maxjfco, 0}. The right-hand side is nonpositive, if we choose a = ax < 
(T — s)^^d^^ Pq'^ such that 2a(T — s)fco + a < r/Q. By the maximum principle we 
obtain 2„ < ||/||^ and statement (ii) follows, with C2 = a^'^ , letting n —^ +00. □ 



DkU ■ TiiDkQDlu) 
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Remark 4.2. In the proof of Theorem 14. II wc have chosen to approximate G{t, s)f 
by solutions of Cauchy-Neumann problems instead of Cauchy-Dirichlet problems 
as in the first part of the paper. Approximation by Cauchy-Dirichlet problems is 
in fact possible, but it requires stronger conditions on the coefficients (see e.g., [3l 
Section 6.1] for the autonomous case), that we want to avoid here. 

As a consequence of Theorem 14.11 our evolution family enjoys the strong Feller 
property. 

Corollary 4.3. For any / G Bb{M.'^) and any t > s we have G{t, s)f G Cb{^.'^). 

Proof. Let / e B},{W'-). Then, there exists a bounded sequence (/„) C Cf,(]R'*) 
which converges pointwise to / almost everywhere in W^. As a consequence of 
Theorem l4.H for any fixed s < t, the function 1 1—^ G(t, s)fn is Lipschitz continuous 
with Lipschitz constant independent of n. The statement follows, observing that, 
by the dominated convergence theorem and (|2.8p . G{t,s)fn converges to G{t,s)f 
pointwise. □ 

Corollary 4.4. For any f e C^(R'^) and s E I, the function VG'(-, s)f is continu- 
ous in [s, +oo) X M.'^. 

Proof. We have to show only continuity a.t t = s. For any n e N, let e G^{B„) 
be such that < f < I and ip = 1 in Bn-i- Put u{t,x) :— {G{t,s)f){x) and 
V = ipu. We have vt — A(t)v ~ -tjj in i?„, where 

Ip = -uA{t)ip - 2{QV(f,V^u). 

From Theorems 12.21 and 14. If it follows that the functions u and V^jW are bounded 
and continuous in {s,T] x R'', for any T > s. Since (p is compactly supported in i?„, 
ip G G{{s,s + l],Co(S„)). Moreover, Theorem lO vields that WirWoo < C\\f\\ci(Rd) 
for some C > 0. 

Let {Gn{t,s)} be the evolution family associated with problem (|2.2p . By the 
variation of constants formula (e.g., [Ij Proposition 3.2]) we have 

(4.2) v{t,-)^Gn{t,s){ipf)+ f Gn{t,(j)i;{a)da, s<t<s + l. 



By classical gradient estimates (fI3^' Chapter IV, Theorem 17]), we get 

G G' 

\\\7xGn{t,<j)lp{a)\\oo < -j=^yj{(j)\\oo < ^=i=||/||ci(R<*)' 

for any s<a<t<s + l and some positive constants Ci and C2. Hence, we can 
differentiate (|4.2p obtaining 



\'xv{t)^\'xGnit,s)iipf)+ J \'xGnit,a)iJj{a)da, s < t < s + 1. 

Therefore, for any x,xo E -Bn-i we have 

|V,u(i,x) - V/(a;o)| < |(V,G„(i, s)(^/))(x) - V/(a;o)| + 2G2\\f\\cliR^){t - s)K 

and this implies that VG'(-, s)f is continuous at the point (s, xq) since the function 
^'xGn{', s)(ipf) is continuous in {s} x Bn by classical results. Since n is arbitrary, 
the statement follows. □ 

Next, we prove a pointwise gradient estimate. 

Theorem 4.5. Assume that Hypotheses \1.U \l.Si i)(iii) and \1.3{ i) are satisfied. 
Then for every p > po and any f G C^(R'^) we have 

(4.3) |(VG(i,s)/)(x)r <e--(*-^)(G(i,s)|V/|P)(x), t > s, x G 
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where 



(4.4) = p sup \r{t,x 

{t,x)eixR'^ 



4min{po — 1, 1}, 

Similarly, under Hvvotheses ll.ll HOT z) and \1.3( ii) . estimate (|4.3p /lo/ds true for 
any p ^ (l,+oo), with 

(4.5) ^p-pffco+ , . 

\ 4 min{p — 1, 1} , 

Moreover, if the coefficients Qij {i, j — I, . . . , d) do not depend on x and r < rj in 
I X W^, then (|4.5p holds true for p = 1 too, provided Huvothesis I J . S( ii) is satisfied. 
In such a case, ai = /cq- 

Proof. To prove the first part of the statement, fix s G J and e > 0. Set u{t, x) := 
{G{t, s)f){x) and define 

w{t,x) ^ {\\'^u{t,x)\'^ + s)^ , t>s, xeW^. 

By Corollary 14. 4[ vu € Cb{[s,T] x R'') for all T > s, and moreover by [9, Theorem 
3.10], w e C^'^{{s,T) X M"^). A straightforward computation shows that 

wt - A{t)w = /l + /2 + /3, 

where 



fc=l 



/2 = p(|V,u|2+£)i-i^i?fcU.Tr(I?feg-i?^^), 



fc=l 

/3 = -Pip ~ 2){\\/M^ + e)^-^{QDluV^u, DluV.,u). 

Using Hvpotheses ll.lf ii). ll.2r iViii') and ILSf i). we estimate /i as in the proof of 
Theorem 14. 1[ getting 

(4.6) /i < p(|V,up + £)5-i • |V,up - ^^(QV.i^fc?/, V,i?fcu) j 
Moreover, for every c > we have 

(4.7) f2 < p{\W,u\' + e)i-i77 (c \DIu\^ + ^\WM 
Concerning /s, we have 

d 

(4.8) =|V,up^(QV DkU,VxDku). 

k=l 

Now we distinguish between two cases. 

Case 1: p > max{po,2}. Since p{p — 2) > 0, the uniform ellipticity assumption 
implies /a < 0. Using (|4.6p and (|4.7p with c ^ 1, we obtain 

wt-AO < CTp(|V^wp+e)^"^|V^up 

(4.9) = + e)^ - <ype{\V.,u\'' + e)*"'- 
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Now, observing that 

from (|4.9p we deduce that 

wt - A{-)w < ap^e{w - (5e), 

where, 

(Tn, if <7n > 



0, if CTp > 0, 

ap{l-(l-f)£}, if(Tp<0, "'"Ife: ifCTp<0. 



>p, n Up ^ u, 

Sr = 



and CTp^E is given by (|4.4p . 

Case 2; po < 2 and 1 < p < 2. In this case, — p(p — 2) is positive. Hence, we may 
use (I4.8P to estimate /a. Together with estimates (I4.7P and (|4.8p (with c = p — 1), 
we obtain 

^/r)Y7 n, Y7 n, „\ m 

4(p-l) 



fe=l 



Here, 



0, if CTp > 0, 
efi, if cTp < 0, 



and CTp.E := CTp is given by (|4.4p . 

Now the procedure is the same in the two cases. Setting v = w — we have 
Vt — ■A{-)v < (Jp^gV. On the other hand, the function 

z(<) = e'^-(*-^)G(i,.s)(|V/|2 + £)i, t>s, 

satisfies zt — A{t)z = Op^^z. Thus, 

{ {v- z)t - {A(t) + o-p^e)(v - 2) < 0, i e (s, +c»), 

Theorem 12.11 impUes v <z. Letting e — > 0+, the statement fohows by Proposition 
O 

In the case that Hypothesis ()1.3|) (i) is replaced by (|1.3|) (ii) , the functions /i , /2 
are estimated as fohows: 

(4.10) /i < p(|V,up + e)5-i • l^fco |V,«p - ^^(QV^Dfc?/, V.Dfcu) j 

(4.11) < p(|V,Mp + £)5-i • (fco |V,u|2 - ry li^l^n, 

(4.12) h < P(|V.«P + e)i-i (^c,y + ^|V.^.p) , 

for any c > 0. Then, estimate ()4.3p with p e (1, +oo) (and with p = 1 too, if the 
diffusion coefficients are constant with respect to x), foUows arguing as above. □ 
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Corollary 4.6. Under the hypotheses of Theorem \4-5\ there exists a constant C 
such that 

||VG(i,s)/||oo < C-e^(*-^)||/||oo, feCbiR"), sel,t>s + l, 

for every p > pa if Hypothesis \l.S( i) is satisfied, and for every p > 1 if Hypothesis 
\1.3( ii) is satisfied. 

Proof By TheoremO for any / G Cb(R'') the function G{s + 1, s)f is in C^iM.'^), 
and its C^-norm does not exceed Ci||/||oo for some Ci > 0, independent of /. If 
t > s + 1, we have, by Theorem 14.51 

\{VG{t,s)f){x)\P = \{VG{t,s + l)G{s + l,s)f)ix)\ 

< e"p(*-(-+i))(G'(i, s + l)|VG(s + 1, s)f\P)ix) 

< e-''(*-(^+i»||VG(s + l,s)/||^. 

Thus, 

||VG(i,s)/||^<e'^-(*-(^+i»||VG(s + l,5)/r^, 
and the statement foUows. □ 

5. Evolution systems of measures 

Definition 5.1. Let {U{t,s)} be an evolution family of bounded operators on 
Bi,(R'^). A family (vt) of probability measures on R*^ is an evolution system of 
measures for {U{t, s)} if, for every / S Bf,{M.'^) and every s < i, we have 

(5.1) / U{t,s)fdvt = f fdiy,. 

Formula (|5.ip may be rewritten as U*{t, s)vt — i^s- It implies that, if we know a 
single measure ut^ of an evolution system of measures for {U{t, s)}, then we know 
all the measures ut for t < to. In particular, an evolution system of measures is 
uniquely determined by its tail {vt)t>to- 

In this section we give sufficient conditions for the existence of an evolution 
system (/it) of measures associated with the evolution family {G{t, s)} and we study 
the main properties of (/it). As a first step, we note that, for our evolution family 
{G{t, s)}, evolution systems of measures necessarily consist of measures which are 
equivalent to the Lebesgue measure. 

Proposition 5.2. // (/it) is an evolution system of measures for {G{t,s)} then 
(fit) is equivalent to the Lebesgue measure. 

Proof. For each A e B{R'^) and t £ I we have 

tit{A)= [ {Git + l,t)lA)ix)^it+l{dx). 

By Corollaries l2.5l and 14.31 if the Lebesgue measure \A\ of A is positive then {G{t + 
l,t)'\iA){x) is positive for each x E M''; therefore fit{A) > 0. On the other hand, by 
Proposition [13i;u), if \A\ = then G{t + 1, t)lA = 0, hence Ht{A) = 0. □ 

To prove existence of evolution systems of measures we use a procedure similar 
to the Krylov-Bogoliubov Theorem which states that, in the autonomous case, 
existence of an invariant measure is equivalent to the tightness of a certain set of 
probability measures. In our case, the corresponding tightness property is proved 
under Hypothesis 11.41 through the Prokhorov Theorem. It states that a set {Pa ■ 
a G J-} of probability measures is tight if and only if, for any sequence (a„) in 



20 



MARKUS KUNZE, LUCA LORENZI, AND ALESSANDRA LUNARDI 



T , there exists a subsequence q;„^ such that ^'a„^ converges to some probabihty 
measure P in the fohowing sense: 



hm / fiy)Po.Ady)^ fiy)Pidy), f e ai 

k — >+i 



!>d\ 



Lemma 5.3. Assume that Hvvotheses ll. 1\ and \1.4\ cire satisfied. Then, G(t,s)ip is 
well defined for any to < s < t £ I . Moreover, for any fixed x G R*^, the function 
{t, s) 1-^ {Git, s)ip){x) is bounded in A = {{t, s) £ I x I : to < s < t} . 



Proof. Lemma [3.41 imphes that G{t,s)(p is well defined for {t,s) G A with to < s 
and the function {t,s,x) i-^ {G{t, s)(p){x) is locally bounded. To complete the 
proof, we iix t > to and x € M'', and consider the function g defined in [to,t] by 
g{s) := {G{t, s)ip){x). g is measurable, because {G{t, s)(p){x) is the pointwise limit 
of the functions (G(t, s)(/J„)(x) in the proof of Lemma that are continuous with 
respect to s. The procedure of Lemma 13.41 yields 



(5.2) gir)-g{s)> I {cg{a)-a)da, to<s<r<t. 
We claim that (15. 2p implies 

(5.3) 5(,)< (^5(i)_^^e^(-*) + 



a 
c 



to<S<t. 



Indeed, for any fixed s > to, the function $ defined by 
$(r) := (^g{s) - ^ + icg{a) - a) da 



r<s<t 



is continuous in [s,t] and therein weakly differentiable with $'(r) > a.e., so 
that it is nondecreasing, and $(s) < <i>(t) impfies (|5.3p . From (|5.3p we obtain 
{G{t, s)ip){x) < ip{x) + a/c, and the statement follows. □ 



Theorem 5.4. Assume that Hvvotheses \l.l\ and \1.4\ are satisfied. Then, there exist 
an evolution system (fit) of measures for {G{t, s)} and a constant M > such that 

(5.4) / ^{y) fitidy) < M, t>to. 

Proof. Fix s e / and xq e M''. For any t > s, define the measure ^t,s by 

IJ,t,siA) := [ Pr,s{xo,A)dT ^ [ {G{T,s)tA){xo)dT. 

t- s J, t- s 

Lemma [5.31 implies that the family (/it.s)t>s>to is tight, through the same proof of 
Lemma 13.51 The Prokhorov Theorem and a diagonal argument yield existence of a 
sequence t^ diverging to +oo and of probability measures fin {n € N, n > to) such 
that /it^, ri ^* IJ-n- To define /is also for noninteger s, we show preliminarly that 



NONAUTONOMOUS KOLMOGOROV PARABOLIC EQUATIONS 



21 



G*{n,m)fin = fJ'm for m < n. Indeed, for each A E B{M.'^) we have 
G'*(n,m)^„(A) = [ lAiv) G* {n,m)fj.nidy) 

{G{n,m)lA){y) f^n{dy) 

hm — — [ \G{T,n)G{n,m)lA){x)dT 

hm / {G{T,m)lA){x)dT 



1 


tk 


— n . 




1 




~ n . 




1 



= hm / {G{T,m)tA){x)dT 

= ^Irn{A). 

Thus, we can extend the definition of the measures fig to any s G /, by setting 
/is ■— G*{n, s)fin where n is any positive integer greater than s. Since G*{n,s) = 
G*{m, s)G*{n, m), this definition is independent of n. It is immediate to check that 
{(It) is an evolution system of measures for {G{t, s)}. 

To complete the proof, we observe that, since {G{t, s)ip){xo) is bounded in t > 
s > to, then each integral 



1 



{G{T,s)ip){xo)dT = (p{y)fit,s{dy) 



t- s 

is bounded for i > s > to by the same constant. Letting t +00, we get (|5.4p . □ 

Remark 5.5. It should be noted that the evolution system of measures constructed 
in Theorem 15.41 could still depend on xq. Indeed, in general, evolution system of 
measures are not unique. In ^TU\ Lemma 2.2] it is proved that the evolution family 
associated with the operators 

{A{t)u){x) = ^Am(x) + {B{t)x,Wu{x)), 

admits infinitely many evolution systems of measures. However, uniqueness may 
be achieved among all systems of measures which have finite moments of order p 
for some p > with a certain asymptotic behaviour. 

In the following, if (nt) is a family of probability measures on M'^, we denote by 

^t{p) ■■= / \x\P fit{dx), 

the p-th moment function. We note that, if (p{x) = \x\p satisfies Hypothesis 11.41 
then Theorem 15.41 implies that {G{t,s)} admits an evolution system of measures 
(fit) such that fit{p) — 0(1) as t ^ +00, i.e. there exists to E I such that the p-th 
moments of fit exist and are uniformly bounded for any t > to. 

Let us see the connection between evolution systems of measures and asymptotic 
behaviour of solutions to problem (|1.2p . We assume that there exists a negative 
constant lo such that, for large t — s, we have 

||VG(t,s)/|U < e"^*"'^||/||oo, / e C,(R'^). 

A sufficient condition for this may be obtained from Corollary 

Theorem 5.6. Assume that there exists lo < Q such that 

(5.5) llVG(t,s)/|U<Ce-(*-^)||/|U, 
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for all t > s + 1, all f G Cfc(K'^) and some positive constant C. Further, assume that 
{G{t, s)} admits an evolution system of measures (/if) such that, for some p > 0, 



Then, 



lim Aif(p)e'^f* = 0. 

t—>--\-oo 



lim {G{t,s)f)ix)^ f{y)fis{dy), xGR", 

t—>--\-oc 



for all s ^ I and f G Cb(^^). If I — M., then, we also have 

lim ({G{t, s)f){x) - / f{y) fi,{dy)] =0, xe R". 

In both cases the convergence is uniform in the compact sets o/M'*. 
Proof. Without loss of generality, we may assume that p < 1. We have 

{G{t,s)f){x)~ [ f{v)^x,{dy) ^ {G(t,s)f){x)- [ {G{t, s)f){y) ijit{dy) 

{{G{t,s)f){x) - {G{t,s)f){y)} i,t{dy). 



Splitting 

\{G{t,s)f){x)-{G{t,s)f){y)\ 
= \{G{t,s)f){x) - (G{t,s)f){y)\^-^\{G{t,s)f){x) - {G{t,s)f){y)Y 
and using the mean value theorem and ()5.5p . we get 

\{G{t, s)f){x) - {G{t, s)f){y)\ < 2C^||/|Ue'"^(*-^)|x - y\P. 
Hence, we have: 



iG{t,s)f){x)- I fiy)^ls{dy) 
(5.6) 



< 2C''|l/|Ue^"(*-^^ / \x-y\PMdy) 

< 2CP||/||ooe^"(*-^' (\x\p+ f \y\^Mdy) 



and the right-hand side vanishes as < — > +oo (and also as s ^ —oo, if / = R), 
uniformly for x in compact sets. □ 

Corollary 5.7. Under the hypothesis of Theorem \5.6\ there exists at most one 
evolution system of measures (fXt) such that limt_+-|_oo t'-t{p)&^^^ — for some p > 0. 

Proof. Let (/if), (vt) be two evolution system of measures with the above property. 
By Theorem [5H for each / e Cb(M'') and se I we have 

f{y)l^s{dy) = I f{y)vs{dy), 



since both integrals coincide with hmt^+oo(G(i, s)/)(0). The statement follows. 

□ 

6. Evolution semigroups in L'p spaces with respect to invariant 

measures 

In this section we assume that / = M, and that Hypotheses 11.11 and 11.41 are 
satisfied. 

Let us define the evolution semigroup {T(t)} associated with the evolution family 
{G{t,s)} on the space Cb[R'^+^) by 

{T{t)f){s, x) = {G{s, s - t)f{s - t, ■)){x), (s, x) e R''+\ t > 0. 
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Proposition 6.1. The family of operators {T(t) : t > 0} is a semigroup of positive 
contractions in Cb(K'^^^). Moreover, T[t)f tends to f locally uniformly m M''+i as 
t^0+, for any f e Cfc(R'^+i). 

Proof. As a first step we prove that, for any t > 0, the operator T{t) maps C6(R'^+^) 
into itself. By Theorem 12.21 we know that 

sup |(r(t)/)(s,a;)| < ||/||c.,(K^+i), t>0. 

(s,a:)eR''+i 

Let us now fix {sq, xq) in M''+^ and observe that 

\iT{t)f)is,x)^{T{t)f)iso,xo)\ 
= |(G(s, s ~ t)f{s, ■)){x) - (G(so, so - t)f{so, ■))ixo)\ 
< |(G(s, s ~ t)f{s, •))(x) - (G(,s, s - t)f{so, ■))ix)\ 

(6.1) +|(G(s, s - t)f{so, ■)){x) - (G(so, so - t)f{so, 

By Proposition 13.61 

lim sup \{G{r,r-t)f{s,-)){x)-{G{r,r^t)f{so,-)){x)\=0, 

""^""o {r,x)elso-5,so+6]x{xo+B{5)} 

for any 6 > 0. Therefore, the first term in the right-hand side of (|6.ip converges 
to as {s,x) tends to (sq,xq). Similarly, by Theorem 13.71 the function {p,r,x) l~^ 
{G{p,r)f){x) is continuous in {{p,r,x) S : r < p}. Hence, also the second 

term tends to as {s,x) tends to {so,xo)- This shows that T{t)f S Gb(M.'^^^)- 

The semigroup property follows easily since {G{t,s)} is an evolution family. 
Indeed, for any ti < t2, it holds that 

{T{t2)T{t,)f)is,x) 
= iG{s,s-t2)T{t,)fis-t2,-mx) 

= (G(S, S - t2)G{s ~t2,S^t2- ti)f{s -ti- t2, •)) (x) 
= (G(S, S^t2~ ti)f{s - - t2, •)) (x) 
= {T{ti+t2)f){s,x), 

for any {s,x) e M.'^+\ 

The positivity of T{t) follows from the positivity of the evolution family {G{t, s)}. 

Finally, the fact that T{t)f converges to / locally uniformly in R'^+^ as i — > 0+, is 
an immediate consequence of the continuity of the function (p, r, a;) (G(p, r)f){x) 
in {{p,r,x) G ]R''+^ '■ P > r} and Proposition 13.61 □ 

Remark 6.2. Since G(s, s — t)l = 1 for each t > s, ii f = /(s) depends only on 
time then {T{t)f){s,x) — f{s — t), i.e. T{t) acts as a translation semigroup. 
Therefore, T{t) cannot have any smoothing or summability improving property in 
the s variable. In particular, it is not strong Feller and not hypercontractive. 

Now, let (^f) be an evolution system of measures for {G{t,s)}. Note that the 
function s i— > /^^(A) is measurable in / for any Borel set A. Indeed, by Lemma 
13.21 the function s i-^ {G{t, s)f){x) is bounded and continuous in (— oo,t), for any 
X G M'* and any / e Go(M''). Hence, the function 

I {G{t,s)J){x)iJit{dx), 

is continuous as well in (— oo,t). Since 

fis{A) = / {G{t,s)lA){x)Mdx), 
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and 1a is the pointwise limit of a sequence (/„) C Co(M ), bounded with respect 
to the sup-norm, by dominated convergence, the measurability of the function s i— > 
/Us(j4) follows. Therefore, we can define 



iy{J xK):= j iJLt{K)dt, 



for Borel sets J C M and K C W^. Of course, u may be uniquely extended in a 
standard way to a measure on B(M'^+^). 

In the following, we denote by Q the differential operator 

(6.2) gu{t,x)=A{t)u{t,x)-ut{t,x), {t,x)&W^+'^. 
We state a preliminary lemma about T{t) and Q. 

Lemma 6.3. (i) For all e Cc(M, Cb{W^)) and allt>0 we have 

/ T{t)(pdv= I (pdv. 
(ii) For e we have 

(6.3) / gipdu = Q. 
Proof, (i). We have 

/ T{t)(pdiy = / / {G{s,s-t)ip{s-t,-))ix) iis{dx)ds 



/ / ip{s -t,x) Hs-t{dx)ds 
Js. Js.'i 

/ / ip{r, x) fir (dx) dr 
Jr Jr'^ 

/ ipdf. 



(ii). By part (i) we obtain 

lim / fflp^.. = 0. 

h^0+ J-Rd+l h 

Now we show that 

lim / I^M^du= [ g^du. 

For this purpose, let a, 5 G M and (5 > be such that supp((^) C [a, 6] x B{5). 
Then, if t e [0, 1], the support of the function {s,x) i— > ip{s — t,x) is contained in 
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[a, 6 + 1] X B{d). Therefore, for any h £ (0, 1] we have 



T{h)ip ~ if 



dv 



T{h)ip - ip 



dv 



a,6+l]> 
b+1 



(G(S, S - hMs ~ h, ■)){x) ~ (G(S, S - hMs, ■)){x) 



h 



^s{dx) ds 



+ 



6+1 



{G{s, s - h)ip{s, ■)){x) - ipjs, x) 
h 



fisidx) ds 



b+l 



{Ii{s,h) + l2is,h))ds. 
As far as Ii is concerned, we note that 



sup 

and moreover 



G{s,s-h) 



< sup \(pt \ < +00, 



(p{s - h,x) ~ Lp{s,x) 
hm ^-(ps{s,x), 

h^0+ h 



the convergence being uniform in x. Since / := —tfs e Cc(Ili''+^), G{s,s — h)f 
converges uniformly to / as /i — > 0+ by Lemma 13.21 Overall we see that 



lim Ii{s,h)= / -ips{s,x) fis{dx), 



and /i(s, h) is bounded by sup^d lUtV?!- 

Let us consider l2{s,h). Taking Lemma 13.21 into account, we write 

l2{s,h) = \ [ r {G{s,r)A{rMs,-)){x)drfi,{dx) 

JW Js-h 

(G(s, r)A{r)ip{s, ■)){x) (dx) dr 

i 

A{r)if(s, x) (dx) dr, 



so that 



lim l2{s,h)^ / A{s)ip{s,x)fj.s{dx), 



for almost every s, by the Lebesgue differentiation theorem. We also note that 
sup \l2is,h)\< sup \{A{rMs,-)){x)\. 



re[a-l,6+l] 
(s,a:)esupp(^) 



sG[o,fc+l] 

Hence, by the dominated convergence theorem, 

lim / {Ii{s,h) + l2{s,h)) ds — / / {—ips{s, x) + A{s)ip{s, x)) fj,s{dx) ds. 
This proves (ii). 



□ 



Remark 6.4. In view of (j6.3p we say that v is infinitesimally invariant, although it 
is not a probability measure. 
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Proposition 6.5. For any p S [l,+c»), the semigroup {T(i)} extends uniquely 
to a strongly continuous semigroup of positive contractions {7^(i)} on LP(M'^+^, v). 
Moreover, the infinitesimal generator of {7^(t)} is an extension of the operator 
Go : Ci'2(R''+i) ^ LP{R'^+\iy) defined by Gof = Gf, for any f G C^-'^ , 
where G is given by 



Proof. Using the Holder inequality and taking proposition 12.41 into account, it is 
immediate to check that 

\iT{t)f)is,x)\P < (r(t)|/n(s,x), {s,x) e R'^+i, t > 0, 

for any / e Cc(M'*+i). Integrating in R''+\ we obtain 

(6.4) ll^(i)/llLp(K<i+i,i.) < ll/llipCRrf+i,!.), t > 0. 

Since Cc(^'^'^^) is dense in LP{M.'^'^^ , i/), estimate (j6.4p implies that any operator 
T(t) can be extended uniquely to a bounded operator 7^(t) which also satisfies 
(EID. 

Clearly, {7^(t)} satisfies the semigroup law since {T{t)} does. It remains to show 
that {Tp{t)} is strongly continuous. Of course, it suffices to show that Tp{t)f f 
as t ^ 0+ for all / e Cl''^{W^+^). For such /'s, we have 7p(t)/ = T{t)f f 
pointwise a.e. as t — > 0+ (see the proof of Lemma l6.3f 2). where it was shown 
that the difference quotients converge pointwise a.e.) and the functions Tp{t)f are 
uniformly bounded. The dominated convergence theorem implies that {Tp{t)} is 
strongly continuous. 

To complete the proof, let us prove that C^'^(R''+^) is contained in the domain of 
the infinitesimal generator of the semigroup {Tp{t)}. For this purpose, we adapt the 
proof of Lemma l6.3r ii). Let a,b E R and (5 > be such that supp(</7) C [a, b] x B(S). 

By Lemma 13.21 we know that 

{G{s,s-t)f{s~t,-))ix)~ f{s~t,x)= r {G{s,r)A{r)f{s-t,-)){x)dr, 

J s-t 

for any {s,x) E M."^^^ and any t > 0. It follows that 
{Tit)f)is,x)-fis,x] 



iGf)is,x) 



< I I \{G{s, r)Air)f{s t, - .))(x)| dr 



t 

^ ( \(G(.' 
+ 7 / \ft{r,x) - ft{s,x)\dr, 

J s-t 

for any (s, x) E M'^+^ and any t > 0. Arguing as in the proof of Proposition 16. II it is 
immediate to check that the function {r,p) i-^ {G{s, r)A{r)f{p, ■)){x) is continuous 
in {(r,p) g R^ : r < s}. Therefore, 

lim {G{s, r)A{r)f{s - t, ■))(x) - {A{s)f{s, = 0, 

t^o+ 

for any {s,x) E M.'^+\ Thus, 

,■ i'^it).f)is,x) - f{s,x) t \^ 

hm ^[Gf)[s,x), {s,x)E 

t^o+ t 

Moreover, 

{T{t)f){s,x)- f{s,x) 



sup 

{s,x)e[a,b+l]xBs 



t 



< sup \iAir)fis,-)){x)\ + \\Dtf\\ 

(r,s,a:)£[a,fc+l] xsupp((/3) 
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Hence, the dominated convergence theorem imphes that t^^{T{t)f — f) converges 
to Gf, as t 0+, in LP(R'^+\ :/) for any p e [1, +00). □ 

7. An EXAMPLE 

In this section we consider operators A{t) defined on smooth functions ip ; R"^ — > 
R by 

(7.1) {A{t)cp){x) = Acpix) + {b{t,x),Vcp{x)), 
under the following assumptions on b — (61, ... , bd)- 

Hypothesis 7.1. (i) the functions bj {j = 1, . . . ,d) and their first-order spa- 
tial derivatives belong to Cilf{I x M'') for some a e (0, 1); 

(ii) the function 6(-,0) is bounded in /; 

(iii) there exists a continuous function C : I ^ M. such that 

(a) C is bounded from above in /; 

(b) limsupt^+^C(t) < 0; 

(c) (V,5(i,x)C,C) < cm\^ tei, x,^e R". 

Under Hypothesis 17.11 it is easy to check that, for any N E N, the function 
: M'' ^ M, defined by (p{x) = 1 + for any x E M.'^, is a suitable Lyapunov 

function for the operator A satisfying both Hypotheses ll.lf iii) and 11.41 Indeed, a 

straightforward computation shows that 

{A{t)^){x) = Ixp^-^ (4^2 ^ 2N{d - 2) + 2N{b{t, x),x)) . 
Using Hypothesis [Tin iii) (c), yields 

bj{t, x) — bj{t,0) + / —bj{t, sx)ds — bj{t,0) + / {'S/xbj{t,sx),x)ds, 
Jo Jo 

so that 

2{b{t,x),x) = 2{b{t,0),x) +2 [ {V ^^Kt, sx)x,x)ds 

Jo 

< 2\b{t,0)\\x\+2C{t)\x\\ 
for any t E I and any x G M"^. Hence, for any e > 0, we have 

(7.2) {A{t)ip){x) < {AN^ + 2N{d ~ 2))\x\^^-^ + 2\b[t,Q)\\A''^~^ + 2NC{t)\x\^^ . 
Since 

<£|a;|2^-f Cme'-"^, a; G R^, e > 0, j = l,2, 

j 

where Cm = {m/{rn — l))^^™/m, we can rewrite ()7.2p as follows: 

{A{t)(p){x) < {2NC{t)+e{2N{d-2) + m^) + 2eN\b{t,0)\}\xf^ 
+Cn {2N{d - 2) + m'') e^-^ + 2NC2Ne^~^^\bit, 0)| 

(7.3) := Mt)\xr +Mt)- 

Hvpothcsis ll.l( iii) follows taking s ~ I and, for any bounded interval J compactly 
supported in /, Aj > maxjsupj tpi, supj ip2}- Similarly, if we fix £ = ejv such that 

e(d-2 + 2A^+|6(-,0)||oo) < limsup C(t), 

2 t-t+00 

and ^0 £ such that 

(7.4) C{t) < ilim sup C(t), t > to, 
then Hypothesis [L31 is satisfied for any t >tQ. 
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Finally, Hypothesis 1 1 . 3f ii) is trivially satisfied by virtue of Hypothesis 17. iT iii) fa) . 
Hence, the following result follows. 

Theorem 7.2. Let A be defined by (|7.1|) with the function b satisfying Hypothesis 
\7.1\ Then, problem (jl.2p is well posed in Cf,(M'*). The corresponding evolution 
family {G(t,s)} is irreducible and maps bounded measurable functions into bounded 
continuous functions. Moreover, {G{t,s)} admits an evolution system (^t) of mea- 
sures having bounded moments of any order G N for any t > to, where ta is 
the number in ()7.4p . In particular, all the polynomial functions are integrable with 
respect to fit for any t > t^. 
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